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Abstract. Dynamic multi-coupling coefficients are introduced to describe SU(2) couplings
in quantum many-body systems in which the coupling coefficients of N angular momenta are
parameter-dependent. It is shown that these dynamic multi-coupling coefficients in a spin-
interaction system for arbitrary spin can be determined by solving a set of nonlinear algebraic
equations using an algebraic Bethe ansatz.

Coupling coefficients are important in various quantum many-body problems. The concept
of coupling two angular momenta is well known through standard texts [1-4]. In this case
the coefficients are called either Clebsch—Gordan (CG) coefficients, 3j symbols or Wigner
coefficients—all of which are related to one another by simple phase and/or normalization
factors.

Coefficients for coupling N angular momenta are multi-coupling coefficients. Assume,
for example, that there are N particles in a system. One can easily construct an N -particle
state with good total angular momentum by sequentially coupling, using two-particle coupling
(CG) coefficients, the angular momentum of each particle to the angular momentum of the
previously coupled set. The process starts with two particles and keeps track of all intermediate
angular momentum values. For example, if there are three particles with angular momenta /;,
I and I3, respectively, one has

(WD), I IMp)y =Y (Limy, Lma| Tnm){Tomaa, sma|IM )| Limy, lmy, Ims)

mymaymsmiy
(H

where (Iym, [ym,|I1pm13) is an SU (2) CG coefficient. In this case the intermediate quantum
number [}, can serve as an additional quantum number to distinguish multiple occurrences of
the total angular momentum /. Alternatively, one may change the order of couplings by first
coupling I, with I3, or I; with I5. In the latter two cases, I»3 or I3, respectively, play the same
role as I}, does in the former case. It is well known that these three distinct couplings schemes
can be transformed into one another using Racah coefficients or, equivalently, 6 symbols.
There is an extensive literature dealing with this problem. The projection technique of Lowdin
has been one of the most popular [5]. In [4], Biedenharn and Louck provide a Wigner operator
method that combines CG couplings with results from the theory of the symmetric groups.
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Other methods can be found in the literature [6—12]. It is important to note, however, that for
arbitrary N and angularmomenta 7/ (j) (j = 1,2, ..., N), aunique scheme for the construction
of basis vectors with good total angular momentum has not been given, principally because of
unsolved problems relating to the additional labels that are required to specify a basis uniquely.
This challenge is related to the multiplicity of occurrences of irreps of SU (2) x Sy in coupled
representations. The only case that has been treated explicitly [4] is N particles with spin %
_ There are some quantum many-body systems for which all intermediate angular momenta
{ (ij) = J @)+ I(j) with 1 < i,j < N are broken, while the total angular momentum
I =Y. 1(i)is conserved. In such cases, straightforward coupling methods are not useful. As
an example, let us consider the N-spin interaction system [13] for which the Hamiltonian may
be written as

J

A=Y cic; (LOI-() + L) Io()) = Y EIo(j) 6)
ij

where ¢; (i = 1,2,..., N) are assumed to be real but unequal parameters, and 1, (j) with
n = 0,4+, — are generators of the jth spin. It can be proven that the total spin operators
I, =), I,,(i) commute with the Hamiltonian H,

[H,1,]=0 for w=0,+ —. (3)

Therefore, the total spin / and the quantum number of its third component M; are good
quantum numbers. On the other hand, one can also verify that all the intermediate spins
1,Gj)=1,0)+1,(j) withi # j for N > 2 are not conserved:

[H,I,(ij)]#0  for N>2. (4)

In the latter case, one cannot use elementary SU (2) pair couplings to obtain final states with
total spin / and projection M; as described in equation (1).

To diagonalize the Hamiltonian (2) and obtain the corresponding eigenstates, we introduce
the SU(2) Kac-Moody algebra with generators J;' (m =0, 1,2, ...) defined by

N
Ve DI N ®)
j=1

which satisfy the following commutation relations:
(g, Jry=2J4m" (1, Ji = a0, (6)

Then, Hamiltonian (2) can be rewritten in terms of the generators of the SU (2) Kac—Moody
algebra as follows:

H=J'+uh? - 22 (M
The lowest-weight state satisfies

J" 0y =0 for m=0,£1,+£2,... ®)
where

0) = I, —1I1; I, —=Ly; -5 In, —In) ©
is the uncoupled lowest-weight state with angular momenta [y, I», ..., Iy. For convenience,

the lowest-weight state defined in (8) is called the level zero state. Excited states are classified
according to the number of raising operators /.(j) that are applied to the level zero state. If
a state is constructed by applying 7, (j) on the level zero state k times, the state is called a
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level k state. It can be proven [13] that up to a normalization constant the level k states of the
Hamiltonian (7) can be written as

ks 1) = Sy )Tl - - T (x™)]0) (10)
where
N (&)
N _ CjX; .
1"y =Y Gl (1n)
Jj=1 i Y

and 7 is used to distinguish different eigenstates of (7) with the same k. The eigenvalues E®
of (7) for the level k states are given by

N
E® — (lecj) lecj 221 C,Z Z (n) [O) (12)
j=1

i=1 i 1<r;éq<k Xr " Xg

where xi(") are determined by the following set of equations:

N ('7)1
P D Z il (13)
j=1 €jX; w q#i xin —x;) j
fori =1,2,...,k. It should be clear that  is used to denote the nth set of solutions {xl.(")} of

equation (13).
Hence, the general level k states can be recognized, up to a normalization constant, as

k=N 3 ]‘[('*“’)x )|0>
]i

1< e jk SN i

D Wbl ey ep, e iy Bmas -t Iymy)  (14)

mimy--my

LbeIyin I . . . .
where W, 2% (c1, ¢a,...,cy) are defined as dynamic multi-coupling coefficients

(DMCC) that depend on the dynamic parameters ¢; (j = 1,2,..., N) for N > 2. These
DMCC:s reduce to the ordinary multi-coupling coefficients when all dynamic parameters c;
are the same, and to the CG coefficients of SU(2) for N = 2. As has been stated, the
intermediate spins / (i) for N > 2 are not good quantum numbers when the parameters c; are
unequal. Hence, these quantum numbers cannot be used to distinguish multiple occurrences of
the final spin 7 in the coupling. However, one can verify that  can serve as a natural additional
quantum number for distinguishing multiple occurrences of a final spin / in this case.

It can be shown that 00 are always solutions of equation (13). Furthermore, the basis
vectors (14) and energy eigenvalues remain invariant under a sign change from —oo to +0o. One

can therefore choose +oo for the roots x(”) and arrange other roots systematically. For example,

the roots can be arranged as |x1")| < |x§")| << xP] < )c(”)1 =x" —... = x(") = +00

n+2
if the pth root is a finite complex number. If two roots xF") (f{

() )

are conjugate to each other

with a; &ia,, where a; and a, are real numbers, we always set x; "’ = a; —ia, X;,| = a; +ias.
The total spin quantum number is written as

I=L+L+---+1Iy—t (15)

where t = 0,1,2,..., p. The maximum integer value of + when ¢t = p should keep the

spin quantum number [/ a positive integer or half-integer. For t+ = 0, there is only one set
of solutions with x; = oo (i = 1,2, ..., k), which corresponds to the highest weight of the
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Kronecker product of SU2) I ® L ® --- ® Iy | [ with I = vazl I;. This coincides
with the fact that the highest-weight configuration is always simple. For ¢ = 1, the roots

" =x” = ... = x{” = +o0. While x" should be determined by equation (13), in this
case there are N — 1 sets of solutions with xl(") (n=1,2,..., N — 1), which gives multiple
occurrences of the weight I} + I, +-- -+ Iy — 1. Fort = p, p finite roots should be obtained
from (13) with x,(,'i)M =oo,u=1,2,...,k — p. Using this procedure, one obtains the final
state |I; n; M) with total angular momentum [ = I, + I + - - - + Iy — p and projection (third
component) M; =k — I} — I, — -+ — Iy.

As an example, let us consider the N = 3 case. Eigenstates with I = I} + I, + I3 — 1 and
M; =1— 1, — I, — I3 can be written as

53 Mp) = N(civ/21(1 — exxP) (1 — e3x )11, 1 — 15 b, — D 15, —15)

+e2y/2h (1 — cix ™A = esx |y, —1; b, 1 = b Is, — 1)

+e3v/26,( = ex ") (1 — x| I, =1i; b, —I; I, | = I3)) (16)
where A is a normalization factor given by

N = {71 — cx)*(1 = e3xP)221 + e5(1 — e1xP)* (1 — e3x)?21,

1
+3(1— c1x™)*(1 — cpx )21} 2. (17)

One can read the multi-coupling coefficients from (16) as
WP = Ney/2I (1 = cax ™) (1 — e3x™)
WhEEM = Nepw/2h(1 — eixP) (1 — e3x™) (18)
W R = Neay/2(1 — e x™) (1 — ex™)

where the two different roots x” with n = 1, 2 of equation (13) are given by

) cili(cy +c3) +crlh(cy +¢3) +c3lz(cy +¢3) —A
xV = (19a)
26‘16‘26‘3(11 + 1+ 13)

o) C]I](Cz+6‘3)+02[2(6‘1 +C3)+C3I3(Cl +6‘2)+A
@ = (19b)
2616263(11 + 12 + 13)

where
A= {c}(c2 — c3)°I{ +2cic2(ct — e3)(e2 — )1 I
+c3(c1 — 3)°I5 + 2cic3(c1 — e2)(e3 — ) 1 I3
+2c2¢3(c2 — ¢1)(c3 — 1) b I3 + ¢3 (2 — 61)2132}% (20)

which is invariant under permutation of the indices 1, 2, 3.

Furthermore, one can verify that the number of sets of non-trivial roots x[(”) # 00
of equation (13) with k = ¢t and ¢; # ¢ # --- # cy # 0 is exactly equal to the
number of occurrence of [ = Zi\;  Ij — t in the decomposition of the Kronecker product
L®L®---® Iy | I. For example, because there are N — 1 non-trivial roots xf") when
k =t = 1, one can conclude that Z;V:l I; — 1 occurs N — 1 times in the decomposition
of the Kronecker product I{ L ® --- ® Iy | Z;\’:l I; —1forl; #0(j =1,2,..., N).
This result is also valid when ¢; (j = 1,2, ..., N) are all the same, which is consistent with
the results of branching rules of I; ® I, ® --- ® Iy | [ in the angular momentum theory
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Table 1. The number of occurrences & of I = % —tfort =0, 1, 2, and the corresponding roots of

equation (13) withc; =1, ¢ =2, ¢3 =3, ca4 =4, ¢s =5 for the decomposition (%@)4% V1.

()% t Roots

0 —

Yoo xV=022082, x? = 029528

P = 044084, 'Y =0.86972
(1Y 2 xM=022178, x" =081199
x® =0.22394, x{Y = 041167
P =0.29826, x{ =0.79935
P =045577, 5 =0.72212
x¥ =0.31089 — 0.0322i, x{ = 0.31089 +0.0322i

N Rk
(ST

Table 2. The number of occurrences & of I = % —t fort =0, 1,2, and the corresponding roots

of equation (13) with¢; = 1, ¢2 = 2, ¢3 = 3, ¢4 = 4, ¢5 = 5 for the decomposition (%@)4 % V1.

()% t Roots

7
7 0 —
2
4
(3) 1 aV=023553 ) = 030748
xY = 045624, x(Y = 0.90075
(3)° 2 x" =02359, x{" =0.86740
x? =0.23684, x{” = 043703
x) =0.24228, x5 = 026901
2V =030914, xi¥ = 0.86133
xY =031549, 1) =0.40782
X = 046337, 1) = 0.83434
Mt 3 xM 2023726, £ = 045409, x{" = 0.70885
2P =0.23973, x{ = 0.28774 — 0.0528i, x{” = 0.28774 +0.0528i
2V =024138, xy” =0.27712, 2 =0.797 11
xP = 031534, 1Y =0.44363, x{" = 0.67668

[1-4]. Although it is not easy to prove this conclusion for # > 1 cases, it can be verified for
any specific case. In tables 1-3 we report three non-trivial examples for decompositions of
(%@)4 5 (%@)4 2 and 1 ®2® 3, respectively, and the corresponding roots, which are obtained
by solving equation (13) with¢; =i (i = 1,2, ... < 5). These examples show that the number
of sets of non-trivial roots xi(") # oo of equation (13) withk =randc; #cp # - #cenv #0
is indeed exactly equal to the number of occurrence of I = Z?[:l I; —t in the decomposition
of the Kronecker product I} ® I, ® --- ® Iy | I. It should also be stated that the DMCCs
derived by equations (13) and (14) are mutually orthogonal with respect to different n values.

In summary, the concept of the dynamic multi-coupling coefficients is introduced to
describe SU(2) dynamic couplings in some quantum many-body systems, in which the
coupling coefficients for N angular momenta are dynamic parameter-dependent and the
intermediate angular momenta are not conserved. We provide an example for evaluation
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Table 3. The number of occurrences & of I = 6—1tfort =0, 1,2, 3,4, 5, 6 and the corresponding
roots of equation (13) with ¢y = 1, ¢2 =2, ¢3 = 3 for the decomposition | ® 2® 3 | 1.

HEF ¢t Roots

6 0 —
5?1 xP=043096, x =0.90237
@? 2 ¥V =043395, x{"” =0.88196
x{? = 043423 - 0.0273i, x§” = 0.43423 +0.0273i
xfY =0.94115 - 0.0531i, x5 = 0.94115+0.0531i
37?3 xV=043591, x§" = 0.44121 - 0.053i, x{" = 0.44121 +0.053i
2P =0.43628, xi” = 0.92559 — 0.0653i, x{” = 0.92559 +0.0653i
XV =0.43867 — 0.02677i, x3” = 0.43867 +0.026 77, x{” = 0.85020
@ 4 1V =042545 x"” =0.43062 - 041017
x§) =0.43062+0.410171, x{"” = 0.66065
xP = 0.44181 — 0.026i, x\” = 0.44181 +0.026i
x§? = 0.89819 — 0.0853i, x{” = 0.898 19 +0.0853i
2V = 04422, 2 = 0.44996 — 0.051i
2§ =0.44996 +0.051i, x{ = 0.79206
M2 5 xV=044576, x\" = 0.4547 — 0.0486i
x§" = 0.4547+0.0486i, x{"” = 0.83389 — 0.1248i
x{ = 0.83389 +0.1248i
x? =0.4496, x{” = 0.45786 — 0.043i
x§? = 0.45786 +0.043i, x{” = 0.51423 — 0.12i
xP = 05142340120
0 6 x” =0.4491-0.02i, x{"” = 0.4491 +0.02i
x5 = 0.4682 — 0.074i, x{" = 0.4682 +0.074i
28 =0.58271 - 0.2965i, x{" = 0.58271 +0.2965i

of the DMCCs in a spin-interaction system for arbitrary spin value. In this case, the DMCCs
can be determined by solving a set of nonlinear algebraic equations using an algebraic Bethe
ansatz. It may be possible to extend this procedure to higher-rank Lie algebras.
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